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Abstract  

The article presents the results of research into the transformation of series of hydro-meteorological data for 
determining dry periods with the Standardised Precipitation Index (SPI) and the Standardised Discharge Index 
(SDI). Time series from eight precipitation stations and five series of river discharge data in Eastern Kujawy 
(central Poland) were analysed for 1951–2010. The frequency distribution of the series for their convergence 
with the normal distribution was tested with the Shapiro–Wilk test and homogeneity with the Bartlett’s test. The 
transformation of the series was done with the Box–Cox technique, which made it possible to homogenise the 
series in terms of variance. In Poland, the technique has never been used to determine the SPI. After the trans-
formation the distributions of virtually all series complied with the normal distribution and were homogeneous. 
Moreover, a statistically significant correlation between the λ transformation parameter and the skewness of the 
series of monthly precipitation was observed. It was similar for the series of mean monthly discharges in the 
winter half-year and the hydrological year. The analysis indicates an alternate occurrence of dry and wet periods 
both in case of precipitation and run-offs. Drought periods coincided with low flow periods. Thus, the fluctua-
tions tend to affect the development of agriculture more than long-term ones. 

Key words: Box–Cox transformation, Eastern Kujawy, Gaussian distribution, meteorological drought, moving 
trend, SDI, SPI, variance homogeneity  

INTRODUCTION 

One should not adopt a negligent attitude to the 
process of analysis of series of data, particularly those 
of the environmental type. Special care is required at 
the initial stage of the analysis process, i.e. proper 
data preparation for further investigation. Provided 
that the theoretical assumptions concerning the selec-

tion of the statistical method for the series analysis are 
met, one can presume that the obtained results and 
conclusions are correct. If, however, these assump-
tions are violated, several possible options arise. SA-

KIA [1992] sets forth a number of solutions. Follow-
ing his approach, one can completely ignore the initial 
assumptions and continue with the analysis process as 
though they were met – how to interpret the results at 

DOI: 10.2478/jwld-2014-0017 



4 A. BARTCZAK, R. GLAZIK, S. TYSZKOWSKI 

© PAN in Warsaw, 2014; © ITP in Falenty, 2014; J. Water Land Dev. No. 22 (VII–IX) 

which we arrive is the question that one has to face 
though. Another possibility is the development of 
a new model which will be true to all the initial as-
sumptions. It is also necessary to turn to alternative 
proceedings of statistical analysis, e.g. apply non-
parametric statistics which does not require any initial 
assumptions.  

The normal data distribution pattern, along with 
the homogeneity of the series, is frequently the fun-
damental assumption. If one should be inclined to 
presume that the distribution pattern of the series of 
data is not normal, he/she ought to attempt to find the 
method that will make the distribution pattern normal 
or close-to-normal. An obstacle of this type usually 
occurs when it is necessary to select an appropriate 
transformation in order to obtain the highest possible 
accuracy of calculations, thus the highest accuracy of 
the results. The mechanism behind this process is 
based on the selection of a proper transformation and 
transforming each element of the series. Therefore, if 
one has n number of observations of the investigated 
variable x (x1, x2, x3, ..., xn) (and each transformed var-
iable is denoted as u), after the transformation one 
shall obtain the series of (u1, u2, u3, ..., un). Analyses 
of various variable distribution transformation tech-
niques to the normal pattern were provided by BART-

LETT [1947], HOYLE [1973] or STRUPCZEWSKI [1967]. 
Typical, practically applied transformations include: 
logarithmic, root, hyperbolic, power, logit and many 
others. 

Series of environmental variables most frequently 
display asymmetric distribution patterns with various 
levels of skewness and various kurtosis. By nature, 
the series of precipitation data are skewed positively 
which derives from the fact that they do not take neg-
ative values and are not in any way limited in the pos-
itive value area [TWARDOSZ, WALANUS 2011]. In 
most cases, the number of low values is larger than 
that of high values, consequently, the “right arm” of 
the distribution pattern will be longer. Distributions of 
24-hour precipitation are characterised by the highest 
skewness, distributions of monthly precipitation are 
less skewed and distributions of annual precipitation 
display the lowest levels of skewness. The distribu-
tion pattern of a 24-hour period precipitation can be, 
with high approximation, described by means of the 
exponential distribution [DINGENS, STEYAERT 1971; 
MITOSEK 1997; TWARDOSZ, WALANUS 2011]. The 
distribution of annual precipitation, following obser-
vations by DINGENS, STEYAERT [1971], KOŻU-

CHOWSKI [1985], is close to the normal distribution 
pattern. This conclusion is also confirmed in the re-
search by BARTCZAK et al. [2013] performed for the 
series of annual precipitation in Eastern Kujawy, Po-
land. Therefore, it should be a foregone conclusion 
that the distribution patterns for monthly precipitation 
will occupy the space between the exponential distri-
bution and the normal one. KENDALL [1960] states 
that the empirical distribution of monthly precipita-
tion can be described by the incomplete gamma dis-

tribution or the gamma distribution. Analysing the 
series of annual maximum daily rainfall in Central 
Poland (29 series from the period 1966–2010) KRĘ-
ŻAŁEK et al. [2013] argued that they can be represent-
ed by four types of probability distribution: Weibull, 
log-gamma, gamma and log-normal. 

Like precipitation series, hydrological series can 
also display a larger or smaller levels of skewness. 
A particularly close consideration is given to the dis-
tribution patterns of the extreme discharges – maxi-
mum and minimum. On their basis situations which 
pose threat to human are analysed and modelled. The 
maximum discharges are the basis for analysing and 
modelling of floods, whereas the minimum discharges 
serve to analyse and model low water and hydrologi-
cal drought events. A detailed analysis of statistical 
distributions of extreme monthly, half-yearly and 
yearly discharges for rivers in central Poland was pre-
sented by JOKIEL [2007] whose research indicated that 
series of monthly extremes were characterised by var-
ious distribution patterns (gamma, log-gamma, log-
normal and Weibull). Moreover, it would be problem-
atic to indicate any order or clear pattern in their sea-
sonal distribution. For snowmelt-induced high flow 
months (February–April) the gamma and Weibull 
distribution patterns are most frequent, while in sum-
mer high flow months (June–August) these are the 
gamma and log-gamma ones. In the case of the series 
of monthly minimums, most are described with 
Weibull distribution. As for the 24-hour discharge, 
SEN, NIEDZIELSKI [2010] described those values for 
the Oder River by means of five parameters of Wake-
by distribution mostly applied to describe extreme 
hydro-meteorological series – the maximum values of 
precipitation and discharge (e.g. GRIFFITHS [1989], 
PARK et al. [2001], SU et al. [2009]). 

The time during which the research is performed 
seems to be of significant importance for the skew-
ness parameter of a series. The shorter the period the 
larger the skewness. The reverse is also true: length-
ening of the research time results in a series being less 
skew [KENDALL 1960].  

It is a frequent occurrence that transformations 
result in the variance being simultaneously adjusted 
and constant in the transformed series. Constant vari-
ance is not dependent on the observation value or the 
series length [HOYLE 1973], which means that the 
series have constant variance in relation to the chang-
ing mean value.  

The main objective of this work was to adopt the 
best, and at the same time, the most precise technique 
of bringing the distribution of precipitation and river 
outflow series to, or close to, the normal distribution. 
The above-presented analysis of reference material 
has indicated that the distribution patterns of hydro-
meteorological data series vary and that various com-
plex analytical techniques are applied to determine 
them. The very process of series transformation, how-
ever, is not given a thorough consideration, as it is 
sufficient to know that the result of the test of the se-
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ries being compliant or normally-distributed after the 
transformation is satisfactory. The accuracy of the 
transformation, and hence the accuracy of the results 
obtained in the subsequent analysis, is not always 
checked.  

The abovementioned research has been done be-
cause the standard normal distribution implies a num-
ber of interesting and practical properties such as: 
1) the random variable takes the value within the 

range –∞; +∞ and is not limited on either extreme. 
2) the normal distribution is symmetrical; the axis of 

symmetry is determined by the following values: 
mean, median and mode which are located at the 
same point of the distribution. 
These properties have been used to evaluate the 

intensity of a meteorological drought with the help of 
the SPI (Standardised Precipitation Index). Accord-
ing to ŁABĘDZKI, BĄK [2002], the index is “one of the 
many objective criteria for drought evaluation”. It is 
utilised to detect dry periods and evaluate their inten-
sity. The SPI for a given area is determined on the 
basis of long precipitation series for desired periods of 
time. MCKEE et al. [1993], however, as one of the 
properties of the index indicate the possibility of us-
ing it for other hydro-climatic characteristics e.g. river 
discharges, snow cover, soil humidity, level of ground 
water etc. What is more, owing to the application of 
the standard normal distribution and its properties the 
index enables comparison of the investigated charac-
teristics within the framework of the same climate as 
well as the same characteristics in different climate 
zones. It is recommended by the Polish hydrological 
and meteorological service as the drought monitoring 
index. It has been used to identify and evaluate the 
intensity of drought events among others in Poland 
[BĄK, ŁABĘDZKI 2002; ŁABĘDZKI 2004; 2007; ŁA-
BĘDZKI et al. 2008], Germany [KHADR et al. 2009], 
Sicily [BONNACORSO et al. 2003], Portugal [COSTA 
2011; PAULO et al. 2012], Greece [CARAVITIS et al. 
2011], USA [GUTTMAN 1999; MCKEE et al. 1993], 
Pakistan [KHAN, GADIWALA 2013], Bangladesh [JA-

HANGIR ALAM et al. 2013], Africa [DUTRA et al. 
2013]. Professional literature provides various tech-
niques of SPI calculating with two of them being the 
most popular:  

The first one relies on determining the parameters 
of probability distribution with maximum likelihood 
method followed by calculating the probability of the 
precipitation sum in the series for the distribution not 
being exceeded. Finally, the values of the variable 
with normal standardised distribution is calculated for 
the given probability [ŁABĘDZKI 2006]. 

The other technique requires a selection of 
a proper function to transform a series of precipitation 
to normal or close-to-normal distribution. According 
to ŁABĘDZKI and BĄK [2002] and ŁABĘDZKI et al. 
[2008] the best transformations for this purpose are: 
for monthly sums √ܲ

య  or ln P, and for multi-decade 
ones √ܲ

య , ඥሺܲ  1ሻయ , ඥሺܲ  10య  or ln P. 

STUDY AREA AND DATA 

The study area – the eastern part of Kujawy, is 
a region in central Poland. This is a very specific area 
as, on the one hand, it is characterised by a negative 
structure of the water balance – it has some of the 
lowest precipitation and specific run-off records in 
Poland (particularly in the growing season) [BART-
CZAK 2007; BARTCZAK, BRYKAŁA 2010; BARTCZAK 
et al. 2013; BRYKAŁA 2009; GIERSZEWSKI 2000], on 
the other hand, however, it is a predominantly agricul-
tural region. Preparing the area for agricultural use 
required intensive land improvement efforts. Never-
theless, these works were of a specific, one-sided 
character. Aimed at lengthening the growing season, 
the amelioration works were concentrated on faster 
water drainage after the spring snow-melt. The anal-
yses and research conducted by BRENDA [1997] have 
shown that this is the water deficit that hampers the 
agricultural development in the area. The highly-
varied and unique system of the environmental condi-
tioning along with human activity have prompted de-
tailed studies of this area. The basin of the Zgło-
wiączka River has been given a particularly thorough 
consideration becoming a testing-ground for detailed 
hydrological study performed by the authors in the 
period 2010–2013. The identification of wet and dry 
periods between 1951–2010 was one of the set objec-
tives. The analyses were based on two data series 
concerning the discharge of the Zgłowiączka River as 
well as that of its largest tributary – the Lubieńka 
River. However, to cater for the requirements of this 
article, and for the sake of verification of the obtained 
results the scope of research has been enlarged to use 
the series of data on the discharge of the following 
rivers: the Skrwa Lewa (the catchment adjacent in the 
east), the Noteć (the catchment adjacent in the south) 
and the Tążyna (the catchment adjacent in the west). 
The analysis of the series of precipitation data was 
conducted on the basis of eight precipitation stations. 
The location of the water-gauge and precipitation sta-
tions has been presented in Fig. 1. All of the stations 
are included in the gauging network of the Institute of 
Meteorology and Water Management in Warsaw, Po-
land. 

Rather than the calendar year (January to Decem-
ber), as it is normally assumed in standard climate 
studies, the series of precipitation data cover the hy-
drological year (November to October). For each sta-
tion, the analysis was conducted for monthly, half-
yearly (XI–IV – the winter season, V–X – the summer 
season), yearly and seasonal (IV–IX – growing sea-
son) series. As a result, the analysis of 16 series was 
performed for each station (water-gauge and precipi-
tation). Table 1 depicts the time span of the used data. 
The time span for most series encompassed extreme 
periods (wet and dry) both regarding the precipitation 
and the river run-off, which guarantees the data varie-
ty in the studied series.  
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Fig. 1. Research area and location of precipitation stations and hydrologic gauges; source: own elaboration 

Table 1. Time span of series of data assumed for analyses 

Precipitation station Rivers 

Chodecz 1952–2010 
(59 years) 

the Zgłowiączka 
(Włocławek Ruda gauge) 

1951–2010 
(60 years) 

Baruchowo 1951–2010 
(60 years) 

the Lubieńka 
(Nowa Wieś gauge) 

1951–1988 
(38 years) 

Izbica  
Kujawska 

1951–2010 
(60 years) 

the Skrwa Lewa 
(Klusek gauge) 

1961–2010 
(50 years) 

Duninów 1957–2010 
(54 years) 

the Noteć 
(Łysek gauge) 

1965–2007 
(43 years) 

Gostynin 1955–2004 
(50 years) 

the Tążyna 
(Otłoczynek gauge) 

1965–2010 
(46 years) 

Lubanie 1955–1994 
(40 years) 

 

Brześć 
Kujawski 

1955–1991 
(37 years) 

Olganowo 1960–1991 
(32 years) 

Source: own elaboration. 

METHODS 

The research procedure and methods applied in 
the work. 
1. The studied series were tested for their conver-

gence with the normal distribution with the 
Shapiro–Wilk test and for their homogeneity with 
the Bartlett’s test,  

2. Normalisation of studied series. 
The transformation of the random variable x with 

density function f(x) into a random variable with den-
sity function f(u) with normal or close-to-normal dis-
tribution is referred to as normalisation of the random 
variable x. Out of numerous methods of series trans-
formation, the Box–Cox technique [BOX, COX 1964; 
1982] was selected for the sake of this work: 

ሺఒሻݑ ൌ 	ቐ
ఒݔ െ 	1
ߣ

				ሺߣ ് 0ሻ

ln ݔ 											ሺߣ ൌ 0ሻ
				 

The above is a power or logarithmic transfor-
mation. It is true if each element of the series is great-
er than 0. This condition, however, can be made obso-
lete by an appropriate shift of data. What is sought 
with this kind of transformation is such λ parameter so 
that after the transformation with this parameter λ the 
empirical distribution maximally approximates the 
normal distribution pattern. Methodically, this param-
eter is found by checking for which λ the correlation 
coefficient of the quantiles of the series distribution 
after the transformation with the quantiles of the nor-
mal distribution is the highest. Theoretically, the λ 
parameter can take the values of any sign. Therefore, 
it should be assumed that the series calibration to-
wards the normal distribution does not depend on the 
direction of skewness.  

As it can be observed, the Box–Cox method be-
longs to the family of transformations including nu-
merous basic and commonly-applied transformations 
such as [OSBORNE 2010 extended]: 

λ = 1.00 → 
௫భି	ଵ

ଵ
ൌ ݔ െ 1 – no transformation needed; 

procedures result identical to original data, 

λ = 0.50 → √
௫ି	ଵ

.ହ
ൌ ݔ√2 െ 2 – square root transfor-

mation, 

λ = 0.33 → √
௫య ି	ଵ

.ଷଷ
ൌ ݔ√3.33

య െ 3.33 – cube root trans-

formation, 

λ = 0.25 → √
௫ర ି	ଵ

.ଶହ
ൌ రݔ√4 െ 4 – fourth root transfor-

mation, 
λ = 0.00 → ln  ,natural log transformation – ݔ
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λ = –0.25 → 

భ

√ೣర ି	ଵ

ି.ଶହ
ൌ 	െ

ସ

√௫ర  	4 – reciprocal fourth 

root transformation, 

λ = –0.33 → 

భ

√ೣ
య ି	ଵ

ି.ଷଷ
ൌ 	െ	

ଷ

√௫
య  	3.33 – reciprocal cube 

root transformation, 

λ = –0.50 → 
భ
√ೣ
ିଵ

ି.ହ
ൌ 	െ	

ଶ

√௫
	 2 – reciprocal square 

root transformation, 

λ = –1.00 → 
௫షభିଵ

ିଵ
ൌ 	െ	

ଵ

௫
 	1 – inverse 

transformation. 
It should be also mentioned that the Box–Cox 

transformation is widely used in a number of fields of 
science. Apart from climatology (e.g. HE et al. 
[2013]), hydrology (e.g. THYER et al. [2002]) it is 
used in e.g. econometrics [NELSON, GRANGER [1979], 
biology [PELTIER et al. 1998] and others.  
3. Following the normalisation process the series 

were re-checked for their convergence with the 
normal distribution with the Shapiro–Wilk test and 
for the homogeneity of the variance with the Bart-
lett’s test.  

4. Standardisation. 
Standardisation is also a type of a linear trans-

formation of a series with the distribution which is 
close-to or of normal pattern ݑ	~	ܰ	ሺ݉, -ଶሻ, the reߪ	
sult of which is a series with the mean of 0 and with 
standard deviation of 1. The transformation is as fol-
lows: 

ݑ െ	ݑത
௨ߪ

	~	ܰ	ሺ0, 1ሻ 

The process of standardisation is aimed at limit-
ing the infinitely numerous normal variables to one 
standard. In other words, standardisation enables the 
comparison of a number of series characterised by 
various input data – both in respect of their scale and 
the unit of measurement.  
5. Trend determination 

The trends of normalised and standardised pre-
cipitation and river discharge values have been de-
picted with the use of a moving trend (segment, 
crawling). This method is particularly useful for the 
analysis of long series characterised by irregular and 
numerous changes in the direction of the trend within 
the series. The moving trend does not have the analyt-
ical form of a mathematical function. 

Smoothing of a series is about an arbitrary deter-
mination of the smoothing constant k (k < n) and then 
estimation of structural parameters of the linear func-
tion of the trend on the basis of subsequent fragments 
of the series with the length of the constant k. For 
a chronological series y1, y2, ..., yn and the smoothing 
constant k, the subsequent fragments of the series are: 

y1, ..., yk 
y2, ..., yk+1 
............. 
yn–k+1, ..., yn 

Next – by way of the classic method of least 
squares – the structural parameters of the function in 
each segment are estimated. The number of segments 
in the series equals n–k+1, e.g. for a series comprising 
60 values, with the constant k = 15 years, the number 
of segments is 46. The linear functions of the trend for 
each segment are as follows:  

ŷ1 = a1 + b1t for 1 ≤ t ≤ k 
ŷ2 = a2 + b2t for 2 ≤ t ≤ k + 1 
............. 
ŷn–k+1 = an–k+1 + bn–k+1t for n–k+1 ≤ t ≤ n 

The ultimate smoothing of a series is arrived at 
by calculating arithmetic means from the theoretical 
values. The analysis has been performed for the con-
stant k = 15 years.   

RESULTS AND DISCUSSION 

The transformation was applied to all the series 
for which the result of the Shapiro–Wilk test was pos-
itive i.e. there was no reason to reject the hypothesis 
ሺ௫ሻܨ	:ܪ ൌ -ሺ௫ሻ stating the convergence of the distriܨ
bution function of a studied series with the that of the 
normal distribution, and to those whose result was 
negative i.e. there was a reason to reject the ܪ hy-
pothesis – the distribution function of the studied se-
ries was not convergent with that of the normal distri-
bution. The transformation was used for the series 
which displayed normal distribution (following the 
Shapiro–Wilk test) in order to verify whether the data 
distribution in the series would be additionally im-
proved.  

Figures 2 and 3 (Quantile – Quantile plot), fre-
quently referred to as the quantile plot for the normal 
distribution, depict selected transformations of precip-
itation and discharges. It is a rule of a quantile plot 
that if the observations are derived from the normal 
distribution, the points are aligned along a straight 
line. The graph is also indicative of the degree of de-
viation from the normal distribution which character-
ises the series being compared, e.g. the skewness of 
the series.  

Table 2 presents the values of the λ parameter for 
all the studied series of precipitation data. For the 
monthly series three groups of series are evident: 
– monthly series for the winter half-year – especially 

the series from December to April – for them, the 
λ parameter achieves the highest values. 

– monthly series: May, June and October – the λ pa-
rameter achieves the lowest values. 

– monthly series for the summer half-year – from 
July to September and in November – the λ param-
eter achieves the values between those quoted 
above.  

Table 3 presents the values of the λ parameter for 
all the studied series of the river discharge. It is diffi-
cult to indicate any schematic ordering of the λ pa-
rameter in this respect. What is worth emphasising, 
though,  is  the fact  that the values  of the λ parameter  
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Fig. 2. Q–Q plot for the normal distribution of selected series of monthly precipitation in Chodecz, Poland before and after 
Box–Cox transformation; source: own elaboration 

 

 

Fig. 3. Q–Q plot for the normal distribution of selected series of mean monthly discharges of the Zgłowiączka river before 
and after Box–Cox transformation; source: own elaboration 
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Table 2. Values of λ parameter for the series of monthly, half-yearly, growing season and yearly precipitation 

Precipitation 
station 

XI XII I II III IV V VI VII VIII IX X XI–IV V–X IV–IX XI–X 

Baruchowo 0.3 0.6 0.6 0.7 0.5 0.5 0.0 0.2 0.3 0.3 0.2 0.5 0.9 –0.4 –0.6 –0.7 

Chodecz 0.6 0.5 0.4 0.9 0.8 0.4 0.2 0.3 0.5 0.3 0.3 0.2 1.0 0.4 0.5 1.0 

Izbica Kuj. 0.4 0.4 0.4 0.6 0.3 0.4 0.3 0.2 0.5 0.5 0.5 0.3 1.0 0.4 0.1 0.2 

Gostynin 0.2 0.9 0.9 0.6 0.4 0.4 –0.1 0.2 0.3 0.4 0.3 0.2 1.0 0.7 0.2 –0.3 

Duninów 0.3 0.6 0.5 0.5 0.8 0.5 –0.2 0.1 0.2 0.5 0.2 0.2 0.8 0.0 –0.7 0.8 

Olganowo 0.1 1.1 0.5 0.5 0.5 0.5 0.0 0.1 0.1 –0.3 0.3 –0.1 1.4 0.2 –0.2 0.8 

Brześć Kuj. 0.5 0.8 0.7 0.3 0.6 0.7 0.2 0.4 –0.1 0.1 0.5 0.1 0.9 1.0 1.1 1.2 

Lubanie 0.4 0.8 0.2 0.7 0.3 0.5 0.2 0.3 0.2 0.0 0.7 0.0 –0.2 0.4 0.0 0.2 

Source: own elaboration. 

Table 3. Values of λ parameter for the series of monthly, half-yearly, growing season and yearly river discharges 

Rivers discharges XI XII I II III IV V VI VII VIII IX X 
XI–
IV 

V–X 
IV–
IX 

XI–X

Zgłowiączka 
(Włocławek Ruda gauge) 

0.1 0.1 –0.1 0.3 0.1 0.2 –0.1 –0.2 –0.3 –0.3 –0.3 0.0 0.2 –0.2 0.0 0.3 

Lubieńka 
(Nowa Wieś gauge) 

0.2 0.3 –0.1 0.3 0.1 0.0 –0.1 –0.2 –0.2 0.0 –0.1 0.1 0.2 –0.1 –0.1 0.2 

Noteć 
(Łysek gauge) 

0.1 0.2 0.1 0.2 0.1 0.1 0.1 0.2 0.0 0.1 0.2 0.1 0.2 0.1 0.1 0.4 

Skrwa Lewa 
(Klusek gauge) 

0.1 –0.8 –0.5 –0.1 –0.5 –0.3 –0.2 –0.4 0.1 0.0 –0.1 0.1 –0.4 –0.1 –0.2 0.1 

Tążyna 
(Otłoczynek gauge) 

–0.1 –0.3 –0.2 –0.1 –0.2 0.0 0.1 0.0 0.0 0.1 0.1 0.1 –0.2 –0.1 –0.1 0.0 

Source: own elaboration. 

 
for the discharge are significantly lower than are those 
for precipitation as they are close to zero, which 
might indicate a higher level of skewness of the se-
ries. The values of the λ parameter borderline zero, 
which indicates a logarithmic transformation of the 
variables, however, the λ value is also in the negative 
territory hence it is necessary to apply a reverse trans-
formation in order to align the elements of the series 
correctly. 

The determined λ parameters are of different val-
ues, which calls for the application of power transf-
ormations with various exponents for monthly precip-
itation series. It is of primary importance as in drive to 
select the most precise transformation it is not neces-
sary to assume a priori one function transforming all 
the series of monthly precipitation. A similar ap-
proach should be adopted for river discharge series.  

In the case of monthly precipitation series there is 
a statistically significant relation between the λ pa-
rameter and the skewness of the series. This relation 
has been described by means of the Spearman’s rank 
correlation method on the significance level of  
p-value < 0.05 the relation has been identified by: 
– grouping the λ parameter and the related skewness 

for all the monthly series from the winter half-year 
period (rs = –0.62). 

– grouping the λ parameter and the related skewness 
for all the monthly series from the summer half- 
-year period (rs = –0.68). 

– grouping the λ parameter and the related skewness 
for all the monthly series from the whole year peri-
od (rs = –0.76). 

Hence, the higher the skewness, the lower the 
value of the λ parameter. The series for November–
March precipitation (winter series) display a lower 
level of skewness than do those for July–October 
(summer series). Therefore, it appears necessary to 
adopt a higher value of the λ parameter so that the 
winter-period series are transformed to the series con-
vergent with the normal distribution. The summer- 
-period series, on the other hand, require lower values 
of the λ parameter used for the transformation. The 
series for April–June period are characterised by the 
highest levels of skewness, that is why, the values of 
the λ parameter are the lowest for these months.  

For river discharges the correlation between the 
skewness of the series and the λ parameter occurred 
by: 
– grouping the λ parameter and the related skewness 

for all the monthly series from the winter half-year 
period (rs = –0.51). 

– grouping the λ parameter and the related skewness 
for all the monthly series from the whole year peri-
od (rs = –0.36). 

The p-value of the Shapiro–Wilk test can prove 
an interesting form of the correct and the best selec-
tion of the transformation function. The p-value is 
defined as the borderline level of the test significance 
at which the ܪ hypothesis is not rejected. It is fre-
quently used in statistics as a measure of probability 
of making a type I error, which is rejecting a null hy-
pothesis in case when it is true.  

Table 4 presents the p-values for the Shapiro– 
Wilk  test  before  and  after  the  transformation.  The  
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Table 4. P-value of the Shapiro–Wilk test for the series of precipitation before and after Box–Cox transformation 

Month 
Baruchowo Chodecz Izbica Kuj. Gostynin Duninów Olganowo Brześć Kuj. Lubanie 

before after before after before after before after before after before after before after before after 

XI 0.0005 0.5700* 0.2330* 0.9995* 0.0385 0.5233* 0.0135 0.6089* 0.0087 0.7964* 0.0544* 0.9375* 0.1217* 0.5222* 0.0738* 0.8197*

XII 0.0503* 0.6992* 0.0299 0.6643* 0.0234 0.5886* 0.4389* 0.5104* 0.1495* 0.5993* 0.4033* 0.4095* 0.1493* 0.1892* 0.4666* 0.6743*

I 0.0113 0.7412* 0.0009 0.6947* 0.0026 0.8647* 0.4317* 0.5177* 0.0099 0.7790* 0.1759* 0.5321* 0.2780* 0.6072* 0.0038 0.7210*

II 0.2809* 0.8535* 0.3452* 0.4523* 0.0097 0.4204* 0.1177* 0.9945* 0.0056 0.5681* 0.0279 0.9273* 0.0079 0.7618* 0.4407* 0.9447*

III 0.0152 0.0596* 0.3739* 0.7986* 0.0257 0.4344* 0.1107* 0.9055* 0.5008* 0.6300* 0.0442 0.6242* 0.2088* 0.7675* 0.0205 0.7621*

IV 0.0144 0.8783* 0.0021 0.8707* 0.0009 0.7336* 0.0018 0.4538* 0.0004 0.3902* 0.0107 0.3479* 0.1452* 0.4863* 0.0011 0.6204*

V 0.0000 0.6651* 0.0001 0.4427* 0.0001 0.7729* 0.0000 0.6100* 0.0000 0.8948* 0.0124 0.6250* 0.0125 0.9384* 0.0002 0.7240*

VI 0.0000 0.9167* 0.0014 0.8205* 0.0002 0.8203* 0.0001 0.1903* 0.0002 0.9811* 0.0044 0.9934* 0.0577* 0.9659* 0.0000 0.1923*

VII 0.0046 0.8480* 0.0767* 0.7143* 0.0443 0.3977* 0.0027 0.7475* 0.0045 0.9714* 0.0108 0.5567* 0.0001 0.4463* 0.0020 0.9569*

VIII 0.0041 0.9472* 0.0006 0.8541* 0.0278 0.7256* 0.0028 0.3370* 0.0154 0.2815* 0.0034 0.8625* 0.0028 0.8348* 0.0000 0.5083*

IX 0.0000 0.2537* 0.0001 0.3192* 0.0037 0.9611* 0.0007 0.3316* 0.0000 0.9773* 0.0076 0.6042* 0.1823* 0.9360* 0.3832* 0.9196*

X 0.0007 0.9829* 0.0000 0.9776* 0.0000 0.9937* 0.0008 0.5003* 0.0000 0.9640* 0.0001 0.9993* 0.0000 0.9659* 0.0000 0.9195*

XI–IV 0.3830* 0.3830* 0.3191* 0.3191* 0.5055* 0.5055* 0.2240* 0.2240* 0.6196* 0.6996* 0.5261* 0.6291* 0.9992* 0.9995* 0.0739* 0.8861*

V–X 0.0064 0.2904* 0.2904* 0.6976* 0.7154* 0.9987* 0.8337* 0.9338* 0.0927* 0.3839* 0.2985* 0.5759* 0.6335* 0.6335* 0.4343* 0.6603*

IV–IX 0.0007 0.5505* 0.5505* 0.9286* 0.0796* 0.9216* 0.4517* 0.9955* 0.0038 0.2738* 0.2603* 0.9696* 0.9856* 0.9866* 0.2609* 0.9714*

XI–X 0.0114 0.8180* 0.8180* 0.8180* 0.4564* 0.8926* 0.3201* 0.9708* 0.6986* 0.7334* 0.4965* 0.5147* 0.7456* 0.7772* 0.4952* 0.8589*

Explanation: * – statistically significant. 
Source: own elaboration. 

information that can be inferred from the table is of 
double nature. In which months and how many series 
had the distribution convergent with the normal one 
and what is the accuracy of the performed transfor-
mation. 

For monthly precipitation distributions a certain 
pattern can be observed. In most cases (approx. 92%) 
the distributions were not of a normal pattern in the 
summer half-year months (May–October). In the win-
ter half-year months (November–April) the structure 
was nearly balanced with approx. 46% of the series 

having the normal distribution and 54% displaying 
other distribution patterns. The transformation caused 
all the monthly precipitation series for whichever 
half-year period to be normalised.  

In the case of the distributions of the mean dis-
charges series (monthly, half-yearly, yearly and con-
cerning the growing season) none of them was con-
vergent with the normal distribution (Tab. 5). After 
the transformation, most of them (94.6%) were nor-
malised as well.  

Table 5. P-value of the Shapiro–Wilk test for the series of mean river discharges before and after Box–Cox transformation 

Month 

Zgłowiączka  
(Włocławek Ruda 

gauge) 

Lubieńka  
(Nowa Wieś gauge) 

Noteć  
(Łysek gauge) 

Skrwa Lewa  
(Klusek gauge) 

Tążyna  
(Otłoczynek gauge) 

before after before after before after before after before after 
XI 0.0000 0.3586* 0.0028 0.1569* 0.0002 0.3489* 0.0008 0.6349* 0.0000 0.8881* 
XII 0.0000 0.8350* 0.0045 0.0244 0.0001 0.4187* 0.0000 0.2652* 0.0000 0,1790* 

I 0.0000 0.9604* 0.0000 0.5569* 0.0000 0.9882* 0.0000 0.9162* 0.0000 0.3507* 
II 0.0002 0.7977* 0.0049 0.5431* 0.0005 0.6203* 0.0000 0.5010* 0.0000 0.8045* 
III 0.0000 0.9822* 0.0000 0.5238* 0.0001 0.4462* 0.0000 0.8153* 0.0000 0.5401* 
IV 0.0000 0.6365* 0.0000 0.0128 0.0000 0.0761* 0.0000 0.0125 0.0000 0.9881* 
V 0.0000 0.8651* 0.0000 0.8182* 0.0000 0.1015* 0.0000 0.5309* 0.0000 0.7571* 
VI 0.0000 0.8050* 0.0000 0.9240* 0.0000 0.4545* 0.0000 0.4374* 0.0000 0.0975* 
VII 0.0000 0.8211* 0.0000 0.7210* 0.0000 0.0438 0.0000 0.7990* 0.0000 0.0099 
VIII 0.0000 0.9953* 0.0000 0.8205* 0.0000 0.5598* 0.0000 0.8589* 0.0000 0.2198* 
IX 0.0000 0.4787* 0.0000 0.8255* 0.0000 0.9606* 0.0000 0.9586* 0.0000 0.8246* 
X 0.0000 0.3507* 0.0002 0.7903* 0.0000 0.8145* 0.0003 0.8927* 0.0000 0.9947* 

XI–IV 0.0005 0.3151* 0.0127 0.7201* 0.0037 0.5274* 0.0002 0.7732* 0.0000 0.3554* 
V–X 0.0000 0.8281* 0.0000 0.9886* 0.0000 0.5135* 0.0001 0.5155* 0.0000 0.4997* 

IV–IX 0.0000 0.9751* 0.0000 0.7127* 0.0000 0.2309* 0.0001 0.9405* 0.0000 0.8879* 
XI–X 0.0036 0.6351* 0.0333 0.4615* 0.0400 0.6882* 0.0222 0.3584* 0.0000 0.7176* 

Explanation: * – statistically significant. 
Source: own elaboration. 

The results presented in Tables 4 and 5 unambig-
uously indicate that the accuracy of the transformation 
performed with the Box–Cox method is very high and 
it is true for both precipitation and discharge series. 
The accuracy concerns each of the series – monthly, 
half-yearly and yearly values as well. This situation 

derives from the fact that during the analysis process 
each of the series was given an individual considera-
tion. Each one of them was individually subjected to 
the process of searching the best transformation func-
tion.  
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The results of the homogeneity of the variance of 
the series after the transformation also proved to be 
highly satisfactory both for precipitation and river 
discharges. Out of 96 series for monthly precipitation 
16 (19.7%) were not homogenous in terms of variance 
before the transformation. What was characteristic 
was the disproportion between the non-homogeneous 
precipitation series for the winter months and the 
summer ones. Lack of homogeneity was more fre-
quently identified in the summer months – 13 times, 
with only 3 times in the case of the winter half-year 
period. All the remaining series i.e. yearly, half-yearly 
and for the growing season were homogeneous before 
the transformation. After the transformation merely 
two series for monthly precipitation remained non- 
-homogeneous, which makes approx. 2% of the total 
number of values and remains within the realm of the 
statistical error. Equally good results were obtained 
for river discharge series. It should be made clear that 
before the transformation the series of mean monthly 
discharges were not homogeneous in 42 cases (80% 
of their total value). The series of mean discharges for 
the summer and the growing season months were of 
non-homogeneous nature while those for the winter 
months and the whole year were homogeneous. 

After the transformation only 5 series of mean 
monthly discharges remained non-homogeneous. 

The entire series normalisation and standardisa-
tion process made it possible to identify dry periods, 
which goes along a specific scheme. MCKEE et al. 
[1993] suggest that a dry period be described by the 
values of the series after normalisation and standardi-
sation which fall in the range between 0.0 and –0.99. 
They referred to such an event as a mild drought. 
Consequently, the range –1.00 to –1.49 was classified 
as a moderate drought, –1.50 to –1.99 as a severe 
drought and ≤ –2.00 as an extreme drought. In subse-
quent works, among others GUTTMAN [1999], the 
classification of dry and wet periods was made fol-
lowing the scheme presented in Table 6. BĄK, 
ŁABĘDZKI [2003] and ŁABĘDZKI [2006], however, 
point out the need for this classification to be modi-
fied so that the threshold value was set at –0.5. Again, 
they refer to such an event as a mild drought. The 
change is justified by the fact that the shortage of 
rainfall occurring in these periods may affect the 
growth of plants, particularly in agricultural areas.  

Table 6. Classification of a drought expressed with the SPI  

Drought category SPI classification 

Extremely wet 2.00 or more 

Very wet 1.50 to 1.99 

Moderately wet 1.00 to 1.49 

Near normal 0.99 to –0.99 

Moderately dry –1.00 to –1.49 

Severely dry –1.50 to –1.99 

Extremely dry –2.00 and less 

Source: acc. to GUTTMAN [1999]. 

Due to agricultural bias of the studied area, Fig-
ure 4 depicts the results obtained for precipitation and 
discharge in the growing period. In order to facilitate 
the distinction between the normalised, standardised 
and classified values, in respect of precipitation they 
have been denoted SPI (Standardized Precipitation 
Index) and for discharges – SDI (Standardized Dis-
charge Index). The shape of the line of the moving 
trend indicates intertwining occurrence of dry and wet 
periods. What is characteristic is the appearance of 
periods of greater and smaller precipitation and dis-
charge values in relation to their mean value. There 
seems to be a high degree of convergence between the 
periods of atmospheric and hydrological droughts. It 
might be assumed, then, that the fluctuations and 
short-term (several years) precipitation trends have 
a greater impact on the development of agriculture in 
this area than do the long-term trends.  

CONCLUSIONS 

The Box–Cox method applied for the sake of this 
analysis met all the initial assumptions. Its universal 
character enabled precise calibration of the transfor-
mation of series of various data – precipitation and 
river discharges. With this technique, the best trans-
formation function for the studied series was selected. 
It also made it possible to homogenise the series in 
terms of variance. Therefore, it should be assumed 
that the method can be applied to perform transfor-
mations of other series of nature-related data. Owing 
to the application of the Box–Cox transformation, the 
complex, though standard, stage of analyses – the 
evaluation of the probability density function for input 
data – was omitted.  

The analysis of the relation between the series 
skewness and the transformation function parameter 
in the case of monthly precipitation proved it to be 
statistically significant. The authors, believe, though, 
that these results must be confirmed using a substan-
tially wider base of data series.  

It must be mentioned, as well, that the automatic 
and only one parameter of transformation of all the 
series of data does not guarantee the same distribution 
pattern – the normal distribution of the transformed 
data as a result. This is particularly true for the series 
of monthly values.  

Owing to the series having been normalised and 
standardised, the periods of droughts in the growing 
season in the agricultural area were possible to be 
identified and classified.  
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Fig. 4. Values of SPI (Standardised Precipitation Index) and SDI (Standardised Discharge Index) and their trends at selected 

precipitation stations and water gauges in the growing period 1951–2010; source: own elaboration 
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Arkadiusz BARTCZAK, Ryszard GLAZIK, Sebastian TYSZKOWSKI  

Wykorzystanie przekształcenia Boxa–Coxa do wyznaczenia wskaźnika standaryzowanego opadu (SPI), 
wskaźnika standaryzowanego przepływu (SDI) oraz identyfikacji okresów suchych  
na przykładzie wschodniej części Kujaw (centralna Polska) 

STRESZCZENIE 

Słowa kluczowe: homogeniczność szeregów, Kujawy Wschodnie, okresy suche, przekształcenie Boxa–Coxa, 
rozkład normalny, SDI, SPI, trend kroczący  

W artykule przedstawiono wyniki badań dotyczących transformacji szeregów danych hydro meteorolo-
gicznych w celu zidentyfikowania okresów suchych za pomocą wskaźnika standaryzowanego opadu (SPI) oraz 
wskaźnika standaryzowanego przepływu (SDI). Analizie poddano szeregi z ośmiu posterunków opadowych oraz 
pięciu szeregów przepływów rzecznych z obszaru wschodniej części Kujaw (centralna Polska). Zakres analiz 
obejmował lata 1951–2010. Sprawdzenie rozkładu częstości szeregów pod kątem ich zgodności z rozkładem 
normalnym wykonano za pomocą testu Shapiro–Wilka, a homogeniczność szeregów zbadano testem Bartletta. 
Do przekształceń szeregów wybrano metodę Boxa–Coxa, której do tej pory nie stosowano do wyznaczania 
wskaźnika SPI. Praktycznie rozkłady wszystkich szeregów po przekształceniu wykazywały rozkład zgodny 
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z rozkładem normalnym i były homogeniczne. Stwierdzono statystycznie istotny związek korelacyjny między 
parametrem transformacji λ a skośnością szeregów miesięcznych sum opadów. Podobny związek stwierdzono 
w odniesieniu do szeregów średnich miesięcznych przepływów w półroczu zimowym i roku hydrologicznym. 
W efekcie obliczono wskaźniki SPI oraz SDI, a następnie zidentyfikowano okresy suche w okresach wegetacyj-
nych w badanym wieloleciu. Terminy występowania susz atmosferycznych były analogiczne z okresami wystę-
powania susz hydrologicznych. Prawdopodobnie fluktuacje, a także krótkookresowe tendencje opadów mają 
większe znaczenie dla rozwoju rolnictwa na tym obszarze niż ich tendencje wieloletnie.  

 
 

 


